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Strong-field QED
Strength
α = e 2 /ℏc ≈ 7.3 × 10−3

Length
λC = ℏ/mc ≈ 3.9 × 10−11 cm

Energy
mc 2 ≈ 0.511 MeV

Field
Ecr = m 2c 3 /ℏ | e | ≈ 1.3 × 1016 V/cm
Bcr = m 2c 3 /ℏ | e | ≈ 4.4 × 1013 G

Challenges and opportunities of strong-field QED

Experiment
Theory
SFQED fields are much larger than Very few tractable fields but ultra
currently attainable but “eﬀective
relativistic and local processes
fields”, i.e. rest frame fields, matter imply ~ locally “universal” (LCFA)
Exploit Lorentz invariance
Cole et al., Phys. Rev. X 8, 011020 (2018)
Poder et al.,Phys. Rev. X 8, 031004 (2018)
Wistisen et al., Nat. Commun. 9, 795 (2018)

Exploit LCFA (and beyond)
Qualitatively new features with respect to
vacuum QED, e.g. “eﬀective” coupling as

α → αχ 2/3

Invariant characteristics in SFQED
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not know and not tractable except for a few special cases.
General physical arguments:
1. The motion of ultrarelativistic particles in external fields is quasiclassical.
Particle states are characterised by their 4-momentum p𝜇 (neglecting spin).
2. Assuming that ∂𝜇F𝛼𝛽=0, physical processes may depend only on dimensionless
invariants built with p𝜇 and F𝛼𝛽. Three dimensionless invariants, 𝜒, f, g.
3. In many situations of interest, one has 𝜒2≫f2, 𝜒2≫f2, such that the invariant
characteristics of processes can be expanded as:
W( χ, f, g) ≈ W0( χ,0,0) + f W1( χ,0,0) + gW2( χ,0,0)
χ 2 = [(p 0E + p × B)2 − (p ⋅ E)2]/(mcEcr)2

2
f 2 = | B2 − E2 | /Ecr

2
g 2 = | B ⋅ E | /Ecr

The key physical assumption of the local-constant-field approximation (LCFA):
In 4D-inhomogeneous external fields, p𝜇 and F𝛼𝛽 slightly change during the process
formation time/length just use the local value of 𝜒.

Analytical benchmark: plane-wave pulse
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Background
fields change in
space and time
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Note that plane-wave field depends only on the phase φ = ω(t − n ⋅ x)
and there exist three conserved quantities p⊥ = p − (n ⋅ p)n
p− = ε − (n ⋅ p) ≈ 2ε

head-on ultrarelativistic collision

The LCFA in nonlinear Compton scattering
Exploiting the previous observations, one can write the probability of nonlinear
Compton scattering as:
dPC

dPC

= dφ+
;
dk− ∫
dk−dφ+

where we have introduced
and k−

dPC

= dφ− A(φ−, φ+)e iΦC(k−,φ−,φ+)
dk−dϕ+ ∫

φ+ = (φ + φ′)/2 , φ− = (φ − φ′) ,

= εγ − (n ⋅ k) ≈ 2εγ and

2
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dφ̃ ξ⊥2 (φ+ + φ̃) −
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with ξ⊥(φ)

= eA⊥(φ)/m describing the plane-wave pulse.

Physical interpretation
1. The integral over φ+ corresponds to the contribution of each phase of the
trajectory to the probability.
2. The integral over φ− at a given φ+ corresponds to the contributions of the phases
“around” φ+.

3. Warning: if ΦC(k−, φ−, φ+) is always of the order of unity, the probability is formed
only after integrating over both φ+ and φ− ⇒ the above physical interpretation of

dPC /dk−dϕ+ does not hold, strictly. The emission process is non-local.

Region of validity of the LCFA
1. The LCFA applies when, for each φ+, the probability PC is formed over a
phase interval Δφ− ≪ π.
2. Indeed, if the integral in φ− is formed within a region

| φ− | ≲ φf /2 with
φf ≪ 2π, one can expand A(φ−, φ+) and ΦC(k−, φ−, φ+) in PC around
(φ− = 0,φ+) and recover the result of a uniform constant crossed field.

φf is the phase interval in φ− within which the
diﬀerent amplitudes for a given φ+ and k− interfere constructively. By identifying
the formation phase φf as the value of φ− such that
The phase formation length

Φ(k−,
we obtain (assumed

φf
2

, φ+) − Φ(k−, −

| ξ′⊥(φ+) | ∼

φf

, φ+) = π

2
ξ, see PRA 98, 012134 (2018) for more details)

8
1
3π χ0(p− − k−)
−1
φf =
sinh
sinh
( 4
))
| ξ′⊥(φ+) |
k−
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The phase formation length depends on ξ, χ, k−. For ξ ≫ 1 there exist two cases
1. χ0(p− − k−) ≲ k−, which implies φf ≪ π and the LCFA applies
2.

χ0(p− − k−) ≫ k−, which implies φf ∼ (χp− /k−)1/3 /ξ so if (χp− /k−)1/3 ≳ ξ, then
the emission process is NOT local (φf ∼ π) and the LCFA does not apply.

Beyond the LCFA
Key idea: by setting φf

= 2π, we introduce k−,LCFA

k−,LCFA(φ) =
such that for k−

p−

π
sinh 3 sinh−1 ( 4 | ξ′⊥(φ) | )
(
)
k−,LCFA(φ), the emission is local and the LCFA applies.

1+

4
3πχ(φ)

≥
How to deal with k− < k−,LCFA(φ)? Two methods:
For k− → 0 nonlinear eﬀects are negligible and one recovers the linear Compton
result (Phys. Rev. A 98, 012134 (2018)). Thus, one approach is to use linear
Compton for k− < k−,LCFA(φ).
For k−

≪ min{p−, χ0 p−}, the exact dPC /dk−dφ tends to a constant, while
3
dPLCFA /dk−dφ diverges. The matching point is k*
≈
1.05
p
χ
/ξ
−
− 0 0 , which
features the same parametric scaling of k−,LCFA ≈ 1.2 p− χ0 /ξ03 for
k− ≪ min{p−, χ0 p−} (Phys. Rev. A 99, 022125 (2019)). This suggests to introduce
a slightly modified matching point k*
= ρft k−,LCFA, with ρft being a constant
−,LCFA
slightly smaller than unity. Then
(φ)
A. Employ the LCFA for k− ≥ k*
−,LCFA
B. Approximate the spectrum as constant equal to dPLCFA(k*
− , φ)/dk−dφ for

k− < k*
(φ)
−,LCFA

Numerical recipe for SFQED codes
The straightforward procedure described above for improving the LCFA can be
extended to virtually arbitrary fields, such as those of PIC codes, provided that one
can introduce a reliable definition of a local characteristic time variation of the
external field (ξ′⊥ depends on the plane-wave frequency ω ). We have introduced the
local typical variation to the field

τ(t) = 2π

F2L,⊥(t)

·2
··
FL,⊥(t) + | FL,⊥(t) ⋅ FL,⊥(t) |

where FL,⊥ is the transverse Lorentz force (note that only FL,⊥ contributes to χ and
the first and second derivative along the trajectory provide contributions of the same
order. Thus, the local threshold energy above which the numerical code uses the
LCFA is

ε*
(t) =
γ,LCFA

ρftε(t)

1+

4
3πχ(t)

sinh

(

3 sinh−1

χ(t) τ(t)
( 8γ(t) τC ))

where ρft ≈ 0.7 was found to provide the best results for all values of the electron
and laser parameters (see Phys. Rev. A 99, 022125 (2019) for further details and an
explicit step-by-step recipe for the implementation in PIC codes).

Benchmarks of the numerical method
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Exact SFQED (solid red curve) vs local-constant-field-approximated (dotted black curve)
diﬀerential photon emission probability for an electron with initial energy of 10 GeV colliding headon with a plane wave pulse of 5 fs duration (FWHM of the intensity), and a) 2.7 x 1020 W/cm2 or b)
4.4 x 1020 W/cm2 peak intensity. The dashed blue curve corresponds to the new method for
arbitrary fields (PRA 99, 022125 (2019)). The dash-dotted orange curve shows the previous
method based on combining linear Compton scattering and LCFA (PRA 98, 012134 (2018)).

Benchmarks of the numerical method
Further tests of the robustness of the new method show
very good agreement with the exact SFQED prediction.
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Exact SFQED (solid red curve) vs local-constant-field-approximated (dotted black curve) vs
the new method for arbitrary fields (PRA 99, 022125 (2019)) (dashed blue curve) diﬀerential
photon emission probability. a) 4 x 1019 W/cm2 peak intensity, 5 fs FWHM of the intensity, 10 GeV
initial electron energy. b) 4 x 1019 W/cm2 peak intensity, 10 fs FWHM of the intensity, 10 GeV initial
electron energy. c) 2.7 x 1020 W/cm2 peak intensity, 5 fs FWHM of the intensity, 5 GeV initial
electron energy.

A fully realistic scenario

m dP/d!

ξ ≈ 10, 45 fs FWHM
4μm waist radius
1 GeV beam
10% energy spread
1 mrad aperture
3 𝜇m diameter
13 𝜇m length

!(MeV)
Local-constant-field-approximated (dotted black curve) vs the previous method based on
combining linear Compton scattering and LCFA (PRA 98, 012134 (2018), dash-dotted orange
curve) vs the new method for arbitrary fields (PRA 99, 022125 (2019), dashed blue curve)
diﬀerential photon emission probability for a beam of 108 electrons with Gaussian distribution in
space and momentum, 1 GeV mean energy, 100 MeV FWHM energy width, 1 mrad angular
aperture, 3 𝜇m diameter FWHM, 13 𝜇m length FWHM colliding head-on with a laser pulse with 45
fs duration FWHM of the intensity, 4 𝜇m waist radius and 4.4 x 1020 W/cm2 peak intensity (𝜉≈10).

Some key points
It is of key importance to develop a complete qualitative and quantitative
understanding of the emitted photon spectrum in extremely strong background
fields.
For instance, the emitted photon spectrum strongly aﬀects the dynamics of the
electron-positron pair plasma that is created in extreme background fields.
Indeed, it determines the number and energy distribution of photons and
consequently the energy losses and the number of created pairs.
Models of the photon emission spectrum beyond the LCFA are therefore of
critical importance and can be tested in the near future with SFQED experiments
at χ ∼ 1 (see SFQED experiment at FACET-II).
There exist open questions in the regime αχ 2/3 ∼ 1 , which makes this regime
very interesting but, do we need to reach αχ 2/3 ∼ 1 to observe new features?
Can we already observe new features in a regime where χ ≫ 1 but αχ 2/3 ∼ 0.1?
How do we know that we observe emission occurring at χ ≫ 1 in experiments?

High-χ behaviour of strong-field QED
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Unique new feature of photon emission occurring at χ
• dNγ /dεγ is monotonically decreasing for χ ≲ 16.
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• dNγ /dεγ develop a maximum and a minimum for χ ≳ 16. The peak is

•
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increasingly more pronounced and shifted to εγ
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→ εe with increasing χ.
Measurement of the peak would provides a unique signature of χ ≫ 1, and
would also provide information on the χ of the electron at the emission.
For χ ≳ 100, electron-to-photon energy conversion becomes eﬃcient paving
the way to a photon-photon collider from an electron-electron collider
M. Tamburini et al., to appear

Conclusions
The local-constant-field approximation (LCFA) is an extremely useful tool to
describe analytically and numerically the strong-field QED regime but has
limitations.
The LCFA fails quantitatively and qualitatively if applied in the lower-energy
sector of nonlinear Compton scattering even at ξ ≫ 1.
A new numerical scheme has been proposed to implement nonlinear Compton
scattering in PIC codes, taking into account the correct low-energy behaviour of
the exact diﬀerential probability.
The χ ≫ 1 regime of SFQED is very interesting for probing strongly-coupled
QED (α → αχ 2/3 ∼ 1) in the laboratory (the Ritus-Narozhny conjecture) but new
eﬀects can already be observed in an intermediate regime χ ≫ 1 and

αχ 2/3 ∼ 0.1

For χ ≫ 1 and αχ 2/3 ∼ 0.1 , electron-to-photon energy conversion with a
single photon emission becomes eﬃcient opening up the possibility of realising
a laser-less gamma-gamma collider from an electron-electron collider.

